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Using the numerical renormalization group method, the effect due to a Kondo impurity in an s-
wave superconductor is examined at finite temperature (T ). The T -behaviors of the spectral function
and the magnetic moment at the impurity site are calculated. At T=0, the spin due to the impurity
is in singlet state when the ratio between the Kondo temperature Tk and the superconducting gap
∆(0) is larger than 0.26. Otherwise, the spin of the impurity is in a doublet state. We show that the
separation of the double Yu-Shiba-Rusinov peaks in the spectral function shrinks as T increases if
Tk/∆(0) < 0.26 while it is expanding if Tk/∆(0) > 0.26 and ∆(0) remains to be a constant. These
features could be measured by experiments and thus provide a unique way to determine whether
the spin of the single Kondo impurity is in singlet or doublet state at zero temperature.
Introduction — The quasiparticle states induced by
a magnetic impurity with spin S = 1/2 in an s-wave
superconductor (SC) inside the BCS gap are known as
the Yu-Shiba-Rusinov (YSR) states1–5. At zero temper-
ature (T ), the spectral function exhibits two δ function-
like peaks symmetrically located at ±ε with respect to
the center of the superconducting (SC) gap. The physics
of the YSR states was also extensively studied6–9 based
on theories beyond the mean field approximation or the
perturbation theory. A detailed investigation of the spec-
tral function of the Kondo impurity at T = 0 with the
Kondo coupling J using the numerical renormalization
group (NRG) theory has been previously carried out10.
Recently, the YSR states of a Kondo impurity11 in Fe-
based SC with the spin-orbit coupling were investigated
by the Bogoliubov-de Gennes equations in the mean field
level12. Moreover, the physics of an Anderson impurity13
on the interface between a topological insulator (TI) and
an s-wave SC14 was also analyzed by the NRG method.
On the other hand, there exist few experimental and the-
oretical works for the finite-temperature spectral proper-
ties inside the SC gap. For an Anderson impurity with
an SC lead, Zˇitko15 calculated the spectral properties of
these sub-gap states at finite T using the NRG method,
and their result shows that the strengths of the YSR
peaks become weakened as T rises. For finite tempera-
ture Kondo resonance, Zhang et al.16 detected it on an
organic radical weakly coupled to an Au (111) surface
by measuring the differential conductance at low tem-
peratures which can be described by perturbation theory
of the Kondo impurity model. Moreover, Ruby et al.17
probed the single-electron current which passed through
the bound states on the superconducting surface and an-
alyzed the relaxation processes of this current to obtain
the information of the quasiparticle transitions and life-
times.
Due to the exchange scattering of the thermally-
excited quasiparticles with the magnetic impurity, there
should be nontrivial behaviors in the impurity-site spec-
tral functions at finite T . This problem has never been
seriously investigated for a Kondo impurity. It is also es-
sential to understand whether quasiparticles could com-
pletely or partially screen the spin of the magnetic im-
purity in the SC at finite T . Besides, the relation-
ship between the spectral function and the renormalized-
magnetic moment of the impurity needs to be discussed.
In this paper, we investigate the temperature-dependent
spectral function and the renormalized magnetic moment
at the impurity site using the NRG method. These prob-
lems so far have not been studied for the Kondo Hamil-
tonian. In Section A of the Supplemental Material (SM),
the energy-evolution calculation of the Kondo impurity
system at zero temperature10 as a function of J (see
Fig.S1) has been reproduced. If Tk is the Kondo tem-
perature and ∆(0) is the SC gap at T = 0, the spin at
the impurity site should be completely screened and is
in singlet state for Tk/∆(0) > 0.26 while it is in doublet
state for Tk/∆(0) < 0.26. Our calculation of the mag-
netic moment due to the impurity at moderate values
of Tk indicates that the spin of the single Kondo impu-
rity could only be partially screened by quasiparticles for
T/∆(0) > 10−2. The experimental consequence of our
T -dependent spectral function will be addressed.
Model and method — We consider the single Kondo
impurity11 in an s-wave superconductor,
H =HBCS +Himp,
HBCS =
∑
kσ
ǫkc
†
kσckσ −∆(T )
∑
k
(c†k↑c
†
−k↓ +H.c.), (1)
Himp =JS ·
(
1
2Ns
∑
kk′σσ′
c†kστσσ′ck′σ′
)
.
ckσ is the electron annihilation operator at momentum k
and spin σ , ǫk is the single particle energy band disper-
sion, ∆(T ) is the T -dependent BCS gap parameter, J is
the antiferromagnetic exchange interaction between the
Kondo impurity and the conduction electrons, S is the
impurity spin with S = 1/2, Ns is the number of lattice
sites, and τ is the Pauli matrix.
Suppose that the bandwidth of the conduction elec-
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FIG. 1. (Color online) The square of the impurity magnetiza-
tion 〈(Szimp)
2〉 vs T for different values of Tk/∆(0). The insert
figure is the impurity magnetic moment square 〈(Szimp)
2〉 at
zero temperature. The crossing point is Tk/∆(0) ≈ 0.26(or
J/D = 0.39).
trons is from −D to D, and the density of states (DOS)
ρ of the conduction electrons is taken as ρ = 1/2D. For
∆(T ) = 0 case, the Kondo temperature in weak-coupling
limit is10,18–20:
Tk = D(Jρ)
1
2 exp(−
1
Jρ
), (2)
This result is based on the Kondo model11. The ground
state of the spin at the impurity site is completely
screened by a conduction electron and becomes singlet
at T = 0 regardless of the magnitude of J . The Kondo
impurity behaves like a nonmagnetic impurity21. It needs
to be pointed out that there is another Kondo tempera-
ture of T ∗k
22 defined as the half-width at half-maximum
(HWHM) of the Kondo resonance at T = 0. To compare
our results with those of others, we use both T ∗k and Tk.
In Fig.S3 of the Section B of the SM, we compare Tk and
T ∗k as functions of J .
In order to carry out the NRG method, one needs to
apply the spherical wave representation, and to discretize
the states of conduction electrons in a logarithmic way.
Eq.(1) is then transformed into a one-dimensional Wilson
chain10,20. Its brief description is given at the beginning
of Section B in the SM. One efficient way to optimize the
calculation is to set Λ = 2 and Nz = 8 (the interleaved
discretization grids(z − averaging))15,18,23–25. Further-
more, we fixed ∆(0)/D = 0.01 and varied J at T = 0. We
also employ finite temperature SC gap ∆(T ) to perform
the calculation of the T -dependent spectral function(See
the details in Section B of the SM). We kept at least 5000
states for the spectrum function calculations.
Numerical results — In Section A of the Supplement
Material (SM), we discuss how the energies of the ground
and the first excited states of the Hamiltonian Eq. (1) are
calculated by NRG. The energy evolutions of the doublet
and singlet states of the spin at the impurity site are ob-
tained as functions of Kondo coupling J at T = 0. This
result is shown in Fig.S1. There we rescale the energy
value by subtracting the ground state E0 at J = 0. In
the weak coupling region such as J/D < Jc/D ≈ 0.39
which corresponding to Tk/∆(0) = 0.26, the impurity
spin (S = 1/2) could not pair with any conduction elec-
tron, and thus the ground state has doublet degeneracy.
For J > Jc, it appears that the impurity spin can capture
an electron from a Cooper pair and form a singlet ground
state. This result is consistent with a previous calculation
of10. However, as to whether this ”captured electron” is
at the impurity site or not, so far has not been investi-
gated. We argue from the feature of the spectral function
at the impurity site, and this issue can be answered.
One of the primary efforts here is to obtain the tem-
perature dependence of the spectral function that cor-
responds to the imaginary part of the T -matrix. This
type of calculations has been performed by the NRG
method10,18,20,26,27. The method and the definition of
the T -matrix are described in Section B of the Supple-
ment Material. In Section B of the SM, we also report
the spectral function(see Fig.S2) of a Kondo impurity at
T = 0 in the presence of a magnetic field h without SC in
Fig.S2(a). The spectral function exhibits the Kondo res-
onance at zero energy for weak h, and the resonant peak
will split into two as gµBh/T
∗
k > 0.51 with g = 2 and µB
as the Bohr magneton. From Fig.S2(b), the transition
from a single Kondo resonance to double resonances as h
varies appears to be of the first order. These results are
consistent with those of Costi22.
In the presence of SC and a Kondo impurity, it is well
known that the double peaks of YSR states in the spec-
tral function at the impurity site are δ-function like, and
are located symmetrically with respect to the center of
the SC gap. We plot the positions of the YSR peaks as
functions of Tk/∆(0) at zero T in Fig.S4 (see Section B of
the SM). In the region of 0.9 > Tk/∆(0) > 0.26, the spin
due to the impurity is in the singlet state or carries no
net magnetic moment. We wish to understand why the
in-gap YSR states, which is an essential feature of a mag-
netic impurity, still exist while the impurity paired with
another electron to form the singlet-spin or nonmagnetic
state. We argue that when Tk is not too much larger
than ∆(0), the impurity spin may loosely pair up with
an electron from a Cooper pair to form a singlet. The
“paired electron” is not at the impurity site, and locally
the impurity spin still retains its spin-doublet behavior
and generates YSR states. However, for Tk/∆(0) > 1 as
shown in the inset of Fig.S4, the two YSR states sepa-
rately move away from the mid part of the gap and to-
ward the coherent peaks or edges of the gap as Tk/∆(0)
increases. When Tk/∆(0) = 5.2(or J/D = 0.8), the YSR
peaks at T = 0 are approaching to the coherent peaks
of the SC gap. For J/D = 1, we show that there exist
no YSR states inside the gap. In this limit, the pairing
electron should be tightly bounded to the impurity site,
30
1
2
3
4
−0.4 −0.2 0 0.2 0.4
(a) Tk/∆(0) = 0.14
0
1
2
3
4
−0.4 −0.2 0 0.2 0.4
(b) Tk/∆(0) = 0.26
0
1
2
3
4
−0.4 −0.2 0 0.2 0.4
(c) Tk/∆(0) = 0.56
−0.4
−0.2
0
0.2
0.4
0 0.1 0.2 0.3 0.4
(d)
A
(ω
)
ω/∆(0)
A
(ω
)
ω/∆(0)
A
(ω
)
ω/∆(0)
0.078
0.106
0.134
0.162
0.19
0.218
0.246
0.274
0.302
0.33
0.358
0.386
0.414
0.442
ω
/∆
(0
)
T/∆(0)
FIG. 2. (Color online) Spectral functions of the sub-gap states at finite temperatures. We varied T/∆(0) in figures (a) − (c)
while keeping (a) J/D = 0.35, Tk/∆(0) = 0.14, (b) J/D = 0.39, Tk/∆(0) = 0.26 and (c) J/D = 0.45, Tk/∆(0) = 0.56. In
(d),The YSR peak-positions obtained from Figs. (a), (b) and (c) vs T/∆(0). The green cycles corresponding to the peak
positions in (a) if the T -dependence being carried out, blue cycles representing the peak positions in (b) and the red cycles
labelling the peak positions in (c). The keys on the bottom dictating the values of T/∆(0).
and the spin state at the impurity site becomes a Kondo
singlet which behaves like a nonmagnetic impurity21.
The square of the impurity magnetic moment 〈M2〉 as
functions of T/∆(0) are calculated for several different
values of Tk/∆(0) in Fig.1, here M is the magnetic mo-
mentM = Szimp due to the impurity defined in Section C
of the SM. The curves here show that for Tk/∆(0) < 0.26
and > 0.26, < M2 > respectively equal to 0.25 (or
Szimp = 1/2, a doublet state), and 0 (or S
z
imp = 0, a
singlet state) at T/∆(0) < 10−2. For T/∆(0) > 10−2,
the impurity spin could only be partially screened by the
thermally excited electrons so that < M2 > is always less
than 0.25. But at T >> Tk, we expect < M
2 > should
approach to 0.25 and the spin of the impurity becomes
a doublet. The insert figure showing the variation of
< M2 > as a function of Tk/∆(0) at T = 0 is consistent
with the those in Fig.S1 and Fig.S4 at T = 0.
It appears that there exists a doublet to singlet tran-
sition at Tk/∆(0) ≈ 0.26 for the spin state due to the
Kondo impurity at T = 0. Let us now examine the
spectral functions against ω/∆(0) at the impurity site
for three different values of Tk/∆(0) and several dif-
ferent temperatures. Here ω measures the bias energy.
The results are presented in Fig.2(a), (b) and (c). As
one can see that as T raises from zero, all the widths
of the YSR peaks become broadened. In Fig.2(a) with
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FIG. 3. (Color online) The sub-gap YSR-peak positions vs
Tk/∆(0) at T/∆(0) = 0 (blue dots ) and T/∆(0) = 0.358
(red dots).
Tk/∆(0) = 0.14 (or J/D = 0.35), the impurity spin state
is in doublet at T = 0 and the distance between the dou-
ble YSR peaks shrinks as T increases. In Fig.2(c) with
Tk/∆(0) = 0.56 (or J/D = 0.45), the impurity spin state
is a singlet at T = 0 and the separation between the dou-
ble YSR peaks is slightly expanding. One can also look
into the spectral function shown in Fig.2(b) at the critical
transition point with Tk/∆(0) ≈ 0.26 (or J/D = 0.39).
In this case, the double YSR peaks collapse into a sin-
gle peak at T = 0 which could split into two again as
T/∆(0) > 0.35. All these features imply that the crit-
ical transition point Tk/∆(0) = 0.26 at T = 0 should
move to lower values at finite T . In Fig.2(d), we plot the
positions of YSR peaks shown in Figs.2(a), (b) and (c)
against T/∆(0). The YSR states in the spectral function
vs. the bias energy ω at the impurity site can be easily
measured by the scanning tunneling microscopy (STM)
experiments. It would be interesting to determine the
spin state of the impurity at a very low temperature.
This can be accomplished for a Kondo impurity in metal
by measuring its magnetic susceptibility. However, in an
SC, the magnetic susceptibility of the impurity cannot be
detected, then the finite- T behaviors exhibited in Fig.2
can provide an unambiguous way to determine the spin
state due to the magnetic impurity. For instance, if the
distance between the YSR peaks is shrinking as T in-
creases, the spin state at T = 0 is a doublet, and if it is
slightly increasing, then the impurity spin state should
be a singlet. The above conclusion is only valid when
the SC gap ∆(T ) decrease slightly as T is raised from
very low T to a higher temperature T < 2/3Tc which
should be true for the SC gap in BCS theory, here Tc is
the SC transition temperature. As T approaches to Tc,
the separation between the YSR peaks would always be
decreasing with ∆(T ) regardless the value of Tk/∆(0).
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FIG. 4. (Color online) Spectral functions at ∆(T ), Tk/∆(0) =
5.2 (J/D = 0.8) and several different T . The inset figure is
the rescaled curve by ω/T ∗k .
The T -dependent behavior of the YSR peak positions
is shown to originate from the T -dependent SC gap ∆(T ).
The broadening of the YSR peaks is due to the thermally
excited quasiparticles. But if one fixes ∆(T ) = ∆(0) as
a T -independent quantity, then the peak positions would
not be changed with T as previous work has demon-
strated for an Anderson impurity15. We are also able
to obtain the same behavior for a Kondo impurity by
setting ∆(T ) = ∆(0). In the present work, however, we
set ∆(T ) as the BCS SC gap at finite T which has the
expression as shown in Eq. (S13) in the SM.
For a better understanding what has been done in
Fig.2, we plot the positions of YSR peaks from the spec-
trum function vs Tk/∆(0) in Fig.3. The curve with
blue dots obtained at T = 0 is identical to that in
Fig.S4, and the curve with red dots is calculated for
T/∆(0) = 0.358. This result clearly indicates that the
critical point Tk/∆(0) ≈ 0.26 at zero temperature is mov-
ing to the weaker Kondo coupling region at finite T .
So far we have studied the spectrum function only for
moderate strength of Tk/∆(0) (< 0.9). For an impu-
rity with strong Kondo coupling such as being shown
in the inset figure of Fig.S4 with Tk/∆(0) > 5.0, the
YSR peaks move toward the edges or merge with coher-
ent peaks of the SC gap. In Fig.4, we present the spec-
tral function at the impurity site with Tk/∆(0) = 5.2
orJ/D = 0.8 for several different values of T . It can be
seen that the YSR peaks are very close to the coherent
peaks at T/∆(0) = 0. At finite T , the two YSR peaks
become broadened and merged completely with the co-
herent peaks at not too low temperatures. It appears
that there are no longer YSR states inside the SC gap.
For T/∆(0) = 0.582 > Tc/∆(0) = 0.57, the SC no longer
exists in the system and a broad peak (the orange curve)
centered at ω = 0 shows up. If we re-plot the orange
5curve by a different energy scale ω/ T ∗k as shown in the
inset which exhibits the Kondo resonance at finite tem-
perature without the SC. We also numerically calculated
the integrated weight of the YSR peaks as a function of
J/D at T = 0, the result is shown in Fig.S5 in Section B
of SM. It is demonstrated there that as J/D approaches
0 and 1, the integrated weight of the YSR peaks goes
to 0. The maximum integrated weight comes around
J/D = 0.5. For J = 0, there is no Kondo impurity, and
there are no YRS peaks. For J/D = 1, the YSR peaks
are at the coherent peaks but with zero integrated weight,
and that is the typical characteristics of a nonmagnetic
impurity in which the impurity spin paired strongly with
the spin of a conduction electron at the impurity site to
form a rigid singlet state. The behavior for J/D close
to 1 is also consistent with the result for an Anderson
impurity28.
Conclusion — We have studied the evolutions of the
ground state and first excited energies of the Kondo
Hamiltonian with SC at T = 0 as functions of Tk/∆(0).
There the ground state is a doublet for Tk/∆(0) < 0.26
and singlet for Tk/∆(0) > 0.26. On the other hand, the
spin at the impurity site is always in doublet state un-
less it can pair with an electron at the impurity site to
form a singlet state in the region of Tk/∆(0) > 5.0. To
determine whether the sample under experimental mea-
surements is in doublet or singlet spin state at T = 0
is an important issue to address. We also show that the
separation between the double YSR peaks in the spectral
function decreases as T is raised for Tk/∆(0) < 0.26 while
it is slightly increasing as T is raised up to T < 2/3Tc
for Tk/∆(0) > 0.26. This feature should be measurable
by STM experiments, and the result could be used to
unambiguously determine the spin state of the system at
T = 0. The T -dependent spectral function for a strong
Kondo impurity with Tk/∆(0) = 5.2 or J/D = 0.8 has
also been calculated, and we find that the YSR peaks
are very close to the edges of the SC gap at T = 0. For
J/D = 1, we demonstrate that the YSR peaks are at the
coherent peaks of the SC but with zero weight which is
the characteristics of a nonmagnetic impurity with sin-
glet spin state21.
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